Abstract. In the present article we investigate Darji's notion of Haar meager sets from several directions. We consider alternative definitions and show that some of them are equivalent to the original one, while others fail to produce interesting notions. We define Haar meager sets in nonabelian Polish groups and show that many results, including the facts that Haar meager sets are meager and form a σ-ideal, are valid in the more general setting as well. The article provides various examples distinguishing Haar meager sets from Haar null sets, including decomposition theorems for some subclasses of Polish groups. As a corollary we obtain, for example, that Z ω , R ω or any Banach space can be decomposed into a Haar meager set and a Haar null set. We also establish the stability of non-Haar meagerness under Cartesian product.
Introduction
The notion of Haar meager sets in abelian Polish groups was defined by Darji in [4] as a topological counterpart to Haar null sets defined by Christensen in [2] . Let G be an abelian Polish group. A set A ⊂ G is said to be Haar null if there exists a Borel set B ⊃ A and a Borel probability measure µ on G such that µ(x + B) = 0 for each x ∈ G. By Darji's definition, A is said to be Haar meager if there exists a Borel set B ⊃ A, a compact metric space K and a continuous ("witness") function f : K → G such that f −1 (x + B) is meager in K for each x ∈ G. Among other results, Christensen proved in his paper that Haar null sets form a σ-ideal (i.e. are closed under subsets and countable unions) and that they coincide with sets of Haar measure zero in locally compact abelian Polish groups. Similarly, Darji proved in his paper that Haar meager sets form a σ-ideal contained in the σ-ideal of meager sets and that they coincide with meager sets in locally compact abelian Polish groups.
One might suspect that the similarity between Haar null and Haar meager sets is only formal and does not go much beyond the very basic properties. It turns out, however, that the two notions share other properties as well, which resembles the duality between category and measure. Indeed, many of the results about Haar meager sets (as well as their proofs) were inspired by analogous results about Haar null sets. In particular, in non-locally compact abelian Polish groups, it is known that compact sets are both Haar null (essentially due to Christensen, [2, The first author was supported by RVO: 67985840. The second author has received funding from the European Research Council under the European Union's Seventh Framework Programme (FP/2007-2013) / ERC Grant Agreement n.291497. The third author was supported by the grant GAČR 14-06989P and he is a junior researcher in the University Center for Mathematical Modeling, Applied Analysis and Computational Mathematics (Math MAC). The fourth author was supported by the grant GAČR P201/15-08218S and he is a junior researcher in the University Center for Mathematical Modeling, Applied Analysis and Computational Mathematics (Math MAC).
Theorem 2]; see also [5] ) and Haar meager (see [10] ), and, as expected, the reason is the same in both cases: If A is a Borel subset of an abelian Polish group which is non-Haar null or non-Haar meager, then A − A contains an open neighborhood of 0. (To complete the argument, it suffices to observe that if A is compact, so is A − A.)
In this paper we continue the study of Haar meager sets from several viewpoints. In Section 2 we extend the definition of Haar meager sets to all Polish groups (not necessarily abelian) and prove that in any Polish group they are meager and form a σ-ideal. In the following sections, some of our results require the commutativity of the group operation, others do not.
In Section 3 we examine the definition of Haar meagerness itself; more precisely, we look at some other natural candidates for the definition of a topological analogue of Haar null sets. We discuss two natural ways how to modify the definition: We can alter the requirements on the 'hull' B or we can consider removing the witness function from the definition. An example of alternative definition is the notion of naively Haar meager sets where we remove the hull B from the definition of Haar meagerness. (This is a notion analogous to that of naively Haar null sets introduced in [8] .) We prove that in uncountable abelian Polish groups there are always naively Haar meager sets which are not Haar meager; moreover, under the Continuum Hypothesis we show that the group can be decomposed into two naively Haar meager sets.
Section 4 establishes the stability of non-Haar meagerness under Cartesian product. We also provide an example which shows that a Fubini type theorem for Haar meager sets fails.
Section 5 contains decomposition results for some special classes of Polish groups, in particular all Banach spaces or the group Z ω : Such groups can be decomposed into a Haar meager set and a Haar null set. It is well known (and easy to see) that Euclidean spaces can be decomposed into a meager set and a set of measure zero; our results are the 'non-locally compact versions' of this statement.
Finally, in Section 6 we provide other examples showing the differences between the studied σ-ideals, this time with the help of the group of permutations of integers.
Haar meager sets in non-abelian groups
We are going to prove that the notion of a Haar meager set behaves well even in the nonabelian setting, namely that the collection of such sets forms a σ-ideal contained in the σ-ideal of meager sets. The proofs are of a similar nature as those given in the abelian case in [4] . Since there does not necessarily exist a complete left invariant metric on a Polish group (e.g. S ∞ , see [1, p. 8] ) we need to be more careful. In the proof of Theorem 3 we are following the ideas from [3] where the authors corrected the wrong proof from [13] that Haar null sets in a Polish group form a σ-ideal. Definition 1. Let G be a Polish group. A set A ⊆ G is said to be Haar meager if there are a Borel set B ⊆ G such that A ⊆ B, a compact metric space K, and a continuous mapping f :
We call f a witness function for A and B is called a (Borel) hull of A. We denote the collection of all Haar meager sets by HM. Lemma 2. Let G be a Polish group with a compatible metric ρ and L be a compact subset of G. Then for every ε > 0 there is a neighborhood U of 1 such that ρ(x · u, x) < ε for every x ∈ L and u ∈ U .
Proof. By the continuity of the function (x, u) → ρ(x · u, x), for every x ∈ L there are neighborhoods V x of x and U x of 1 such that the image of
It is easy to check that this choice of U works.
Theorem 3. Haar meager sets in a Polish group form a σ-ideal.
Proof. Let G be a Polish group. Let us fix a compatible complete metric ρ. Clearly a subset of a Haar meager set is Haar meager. Thus it is enough to prove that the system of Haar meager sets is closed under countable unions. Suppose that A n , n ∈ ω, are Haar meager sets in G. For n ∈ ω, there exists a Borel set B n ⊇ A n and a continuous mapping f n : K n → G defined on a compact space K n such that f −1 n (gB n h) is meager in K n for every g, h ∈ G. Without loss of generality we may suppose that 1 ∈ f n (K n ) for every n ∈ ω.
Let
For any fixed n ∈ ω we get by Lemma 2 that there is a neighborhood U n of 1 such that ρ(x · u, x) < 2 −n for every x ∈ L n and u ∈ U n . Let K ′ n be the closure of f
Proof. Let us fix n ∈ ω and g, h ∈ G. The set f
Since each open subset of G is comeager in its closure, the set f
All the mappings ϕ n are clearly continuous and K is compact. Moreover, by the choice of U n we obtain ρ(ϕ n (x), ϕ n+1 (x)) ≤ 2 −n and hence the sequence of mappings ϕ n converges uniformly. Let f = lim ϕ n ; then f : K → G is continuous, being the uniform limit of continuous mappings.
We claim that f witnesses that A = n∈ω A n is Haar meager. To that end, note that B = n∈ω B n is Borel and it contains A, and take arbitrary g, h ∈ G and i ∈ ω; we aim to show that
of a translate of the set B i . Hence, by the Kuratowski-Ulam theorem (see e.g. [11, Theorem 8.41 
is meager for every g, h ∈ G, which implies that A is Haar meager.
In the proof of the next theorem we follow [4] where the abelian case was proved.
Theorem 5. Every Haar meager set in a Polish group is meager.
Proof. Let A be a Haar meager subset of a Polish group G, and let us have a Borel set B ⊇ A together with a continuous mapping f : K → G witnessing the Haar meagerness of A. Define S = {(g, x) ∈ G × K : f (x) ∈ gB}; then S is Borel. For any fixed g ∈ G the set {x ∈ K : f (x) ∈ gB} is meager in K and it is a section of S. Hence, by the Kuratowski-Ulam theorem, S is meager in G × K. Using the Kuratowski-Ulam theorem again we conclude that there are comeager many x ∈ K for which {g ∈ G : f (x) ∈ gB} is meager. Since K is compact, there is at least one such x. The last set is equal to f (x)B −1 , and can be mapped onto B by an automorphism of the group G and hence B is meager as well. Thus also A is meager.
The following question has a positive answer in the abelian case ([10, Corollary 1]). It was explained in [4, Example 2.3] that some sort of definability condition (the Borelness of the set B in the definition) is necessary to ensure that every Haar meager set is meager. However, it may be appealing to replace Borelness by the Baire property which seems to be better related to the Baire category. So let us denote by HM the class of all sets satisfying Definition 1 where we only require B to have the Baire property (instead of being Borel). Even then, all relevant results from [4] still remain true for the class HM (with the same proofs). In particular, HM is a σ-ideal which is contained in the σ-ideal of all meager sets, and these two σ-ideals coincide if and only if G is locally compact. Nevertheless the following example shows that HM is consistently a bigger σ-ideal than HM. Proof. Let K be an arbitrary perfect compact subset of G and let {K α : α < ω 1 } be an ordering of all translates gK, g ∈ G, of the set K. Let {B α : α < ω 1 } be an ordering of all Borel subsets of G which are in HM. By [10, Corollary 1], each compact subset of G is in HM, and so we have B α ∪ {K β : β < α} ∈ HM for every α < ω 1 . By [4, Example 2.6], there is a closed meager subset F of G such that F / ∈ HM. Then for each α < ω 1 , the set F \ (B α ∪ {K β : β < α}) is not in HM, in particular it is nonempty. So for every α < ω 1 , we can pick p α ∈ F \ (B α ∪ {K β : β < α}). Finally, we put A = {p α : α < ω 1 }.
The set A is meager since A ⊆ F , in particular A has the Baire property. Moreover, A intersects each translate of K in at most countably many points, in particular in a meager subset of the translate. It easily follows that the identity mapping id : K → G witnesses that A ∈ HM. On the other hand, we have A / ∈ HM since A is not contained in any B α , α < ω 1 .
In spite of the previous example, it is possible to replace Borelness by analyticity in Definition 1. This follows from the following proposition which is a straightforward modification of the proof of an analogous proposition from [15] (which deals with Haar null sets instead of Haar meager sets).
Proposition 8. Let G be a Polish group and A be an analytic subset of G. Let K be a compact metric space and f : K → G be a continuous mapping such that
Proof. During this proof, whenever Z ⊆ X × Y (for any sets X, Y ) and x ∈ X, we denote
We verify that the family Φ is Π 
ThenP is obviously Σ 
. Therefore the set {y ∈ Y :P (g,h,y) is meager in K for every g, h ∈ G} = {y ∈ Y : P y ∈ Φ} is also Π We do not know whether the Borel hull from Definition 1 of Haar meager sets can be replaced by an F σ hull (even in the abelian setting).
Question 9. Is every Haar meager set contained in an F σ Haar meager set?
In [7] it is shown that in every non-locally compact abelian Polish group, there is a Borel Haar null set which does not have a G δ hull. This is a negative answer to what looks like an analogy of the previous question in case of Haar null sets.
The next natural question posed in [4] asks whether it is true that for every Haar meager set A in an abelian Polish group, there is a witness function f for A which is the identity function defined on some compact subset of the corresponding group.
Question 10 ([4, Problem 2]). Let G be an abelian Polish group and A ⊆ G be a Haar meager set. Is there a compact set
Although we do not know the answer, we do know that it is not possible to pick an arbitrary witness function f : K → G (where K is a compact metric space) for A and simply put L = f (K). This is shown by the following example.
Example 11. There exist a G δ Haar meager set A ⊆ R, a compact metric space K and a witness function f :
Proof. By [12] , there is a compact set M ⊆ R with Hausdorff dimension 1 such that for every z ∈ R, the intersection (z + M ) ∩ M contains at most one point. Let L be a perfect compact subset of M . Then for every z ∈ R the intersection (z + L) ∩ L also contains at most one point. Let {U i : i ∈ ω} be a basis of nonempty open subsets of L. For every i ∈ ω, we fix a perfect set C i ⊆ U i which is nowhere dense in U i . We define
so that K is a compact metric space. We also define f : K → R to be the projection to the first coordinate, i.e. f (x, t) = x for every (x, t) ∈ K. Finally, we define
which is obviously a G δ subset of R.
Let us check that f witnesses that A is Haar meager. Take an arbitrary z ∈ R. If z = 0 then
And if z = 0 then (using the fact that A ⊆ L = f (K)) we have
which is a preimage of either singleton or empty set. In both cases, we easily conclude that
The remainder of this section is concerned with the notion of naively Haar meager sets:
The following Lemma is a topological analogue of the measure theoretic one [8, Lemma 3.2].
Lemma 13. Let G be an abelian Polish group. Let P ⊆ G be a perfect set and C ⊆ G a comeager subset. Then there exists g ∈ G such that |C ∩ gP | = c.
Proof. Let B be a Borel comeager subset of C. We will prove that |B ∩ gP | = c for some g ∈ G. Suppose for a contradiction that there is no such g ∈ G. This means that |B ∩ gP | < c for every g ∈ G. Since Borel sets are either of size continuum or at most countable and the set B ∩gP is Borel it follows that it is at most countable. Hence also gB ∩ P is at most countable for every g ∈ G. Thus gB ∩ P is meager in P . It follows that B is Haar meager and thus by [4] B is also meager. This is a contradiction, since B was supposed to be comeager.
The following is shown in [8, Lemma 3.4 ] to be an easy consequence of [9] .
Lemma 14. Every uncountable Polish group has an uncountable Borel subgroup of uncountable index.
The following can be found in [1, p. 5] .
Lemma 15. Let G be an abelian Polish group and let H be a meager subgroup of G. Then there is a perfect partial transversal of G/H (i.e. there is a perfect subset of G which intersects each coset of H in at most one point).
The next Theorem answers a question of Darji ([4, Problem 1]). We follow some ideas of [8] .
Theorem 16. Let G be an uncountable abelian Polish group. Then there is a set X ⊆ G which is naively Haar meager but not Haar meager.
Proof. Let H be an uncountable Borel subgroup of G with an uncountable index in G (such a subgroup exists by Lemma 14) . Since H has the Baire property and is of an uncoutable index it is easy to see that it is meager. Thus by Lemma 15 there is a perfect partial transversal P of G/H. Since H is uncountable and Borel there is a perfect set K ⊆ H which will be used as a witness compact. Note that if T is an arbitrary partial transversal of G/H then T is naively Haar meager.
Let {F α : α < c} be the collection of all meager sets in G which are of type F σ . We will construct by induction a set X = {x α : α < c} ⊆ G such that
To verify that this is possible it is enough to show that for a fixed α < c the set F α ∪ β<α x β H is a proper subset of G. Suppose that it equals G. Then the set C = β<α x β H is comeager. Moreover |C ∩ gP | ≤ |α| < c for every g ∈ G. This is a contradiction with Lemma 13.
Since X is a partial transversal it follows that it is naively Haar meager. Moreover X is not meager because it is not contained in any F α for α < c. Hence X is not Haar meager.
It can be easily shown that under the Continuum Hypothesis, for every uncountable group G there is a naively Haar meager set X ⊆ G × G such that (G × G) \ X is naively Haar meager as well. In fact it is enough to consider X ⊆ G × G as a well-order of G which is of type ω 1 . It follows that all vertical sections of X are countable and similarly for the horizontal sections of G \ X. It follows that under the Continuum Hypothesis naively Haar meager sets do not form an ideal in the groups of the form G × G.
The reasoning from the preceding part is known in the context of naively Haar null sets [8] . In the following Proposition we are, however, able to show that this does not hold only for the squares of groups. Note that the Proposition can be analogously stated and proved also for naively Haar null sets. Proof. By Lemma 14 there exists an uncoutable Borel subgroup H ⊆ G of an uncountable index. Since H has the Baire property and its index in G is uncountable it follows that H is meager. Thus by Lemma 15 there is a perfect partial transversal of G/H. Let us index {g α : α < ω 1 } = G and let {H α : α < ω 1 } be all the cosets of
If we fix an arbitrary perfect set K ⊆ H it is a witness compact for X (as gX ∩ K is at most countable for every g ∈ G) and thus X is naively Haar meager. On the other hand for an arbitrary g ∈ G there is α < ω 1 such that g = g α and then
Since the last set is countable it follows that any translation of G \ X intersects P in a countable and thus meager set. It follows that G \ X is naively Haar meager as well.
Cartesian products and HM
The Cartesian products of (non-)Haar meager sets were already studied in [10] . It was asked in [10] whether the Cartesian product of two non-Haar meager Borel sets is non-Haar-meager. We affirmatively answer this question by proving Theorem 18 (note that the easier implication (ii)⇒(i) from Theorem 18 was already proved in [10, Theorem 3] ). We remark that the question was stated for abelian groups only, but our theorem works also in the non-abelian setting. To prove Theorem 18, we need a simple lemma:
Lemma 19. Let G be a Polish group and A ⊆ G an analytic set which is non-Haar meager. let K be a compact metric space and f : K → G be a continuous mapping.
Then for any nonempty open set
Proof. Assume the contrary, i.e. there exist a compact metric space K, a continuous mapping f : K → G, and an open set U ⊆ K such that for each g, h ∈ G, f −1 (gAh) ∩ U is meager in K. It is then easy to see that (f ↾ U ) −1 (gAh) is meager for any g, h ∈ G, and Proposition 8 now gives that A is Haar meager.
Proof of Theorem 18. To prove implication (i)⇒(ii), let us observe that A 1 × A 2 is analytic, and so we can again use Proposition 8 to free us of the obligation to consider Borel hulls.
Take any f : K → G 1 × G 2 continuous where K is a compact metric space; we shall find points (
) is non-meager in K, showing that f does not witness Haar meagerness of A 1 × A 2 .
Of course, there are continuous mappings
From the facts that A 1 is analytic and f 1 is continuous we obtain that f 1 (g 1 A 1 h 1 ) ∩ U is comeager in U . We now apply Lemma 19 to A 2 , f 2 and U , obtaining g 2 , h 2 ∈ G 2 such that f −1 2 (g 2 A 2 h 2 ) is non-meager in U . We have:
. The last set is clearly non-meager in U , so it is non-meager in K.
To prove the opposite implication, let us assume that A 1 is Haar meager, take a witness function f : K → G 1 and fix any point h ∈ G 2 . Then one can readily see that the mappingf :
Although Haar meagerness behaves nicely with respect to Cartesian product, a Fubini type theorem cannot hold as shown by the next example (which is known to work also for the σ-ideal of Haar null sets).
The example was pointed out to one of the authors by M. Elekes for which he has our thanks. The example seems to be rather standard, but we failed to find it in the literature, and so we state it for the sake of completeness. Note that the example works also for Haar null. Proof. Let us go straight to the definition of the desired set C:
Now, take any t ∈ Z ω ; we want to observe that the corresponding horizontal section of C is Haar meager. We have
But this set is easily seen to be compact (it is even empty if there is n ∈ ω such that t n > 0), and therefore it is also Haar meager (see [10, Corollary 1] ). To see our claim about the sections in the other direction, observe that the set of all (coordinatewise) non-positive s ∈ Z ω contains a translate of each compact set in Z ω . Therefore this set is not Haar meager and it suffices to show that for any (coordinatewise) non-positive s ∈ Z ω , the corresponding section of C is non-Haar meager. We have
so the corresponding section of C, being a translate of the set of all (coordinatewise) non-positive t ∈ Z ω , is not Haar meager. Finally, let us prove that the set C is not Haar meager by proving that C contains a translation of each compact set. For (s, t) ∈ Z ω × Z ω , let us define the continuous projections π 1 n (s, t) = s n , and π 2 n (s, t) = t n . Now, let K ⊆ Z ω × Z ω be compact; we claim that (a, b) + K ⊆ C if we define for each n ∈ ω, a n = − max π 1 n (K) and
Indeed, let (s,t) ∈ K and set s =s + a and t =t + b. We want to verify that (s, t) ∈ C. But from the definitions it is clear that for each n ∈ ω we have s(n) ≤ 0 and
Therefore (s, t) ∈ C, and it follows that (a, b) + K ⊆ C.
Decompositions of groups into small sets
By classical results, any uncountable locally compact abelian Polish group can be decomposed into two sets, one of them meager and the other Haar null (see e.g. [14, Theorem 16.5]). Recall that in the locally compact case, the family HM coincides with the σ-ideal of meager sets. The following question was posed in [10] .
Question 21 ([10, Problem 4]). Let G be any abelian Polish group which is not locally compact. Can G be decomposed into two disjoint sets A and B where A is Haar meager in G and B is Haar null in G?
It was noted in [10] that the answer is positive if G is one of the sequence spaces c 0 , c or l p , p ≥ 1. Theorem 22 is a straightforward generalization of this observation. In Theorem 25, we show that such a decomposition is also possible in several other cases.
Theorem 22. Let G be a Polish group and H ≤ G be an uncountable closed subgroup of the center of G. Let H be the union of a Haar null set in H and a Haar meager set in H. Then G is also the union of a Haar null set in G and a Haar meager set in G.
In particular, this holds for G = R ω or G = X where X is a Banach space.
Proof. Note that without further reminders, we repeatedly use the fact that H is a subset of the center of G.
There exist sets A, B ⊆ H such that A is Haar null in H, B is Haar meager in H and A ∪ B = H. We can assume that A and B are Borel. Thus there exist a compact set K, a continuous function f : K → H and a Borel probability measure µ on H such that for all x ∈ H we have µ(xA) = 0 and f −1 (xB) is meager in K. By [11, Theorem 12 .17] we can find a Borel set M ⊆ G meeting every coset of H in exactly one point. This means that M H = G and that for x, y ∈ M , x = y we have xH ∩yH = ∅. Thus the group operation is a continuous bijection of set M × H onto G. We setÃ = M A andB = M B. By [11, Theorem 15 .1], continuous injective images of Borel sets are Borel. ThusÃ andB are Borel. Clearly,Ã ∪B = G. Thus it remains to prove thatÃ is Haar null andB is Haar meager. Let y 1 , y 2 ∈ G be arbitrary. Then there exist x i ∈ H and m i ∈ M such that y i = m i x i , i = 1, 2. Clearly, there exists exactly one n ∈ M such that y 1 nHy 2 ∩ H = ∅ and there exists
Similarly,
Thus f −1 (y 1B y 2 ) is meager in K.
For the rest of this section, we need to introduce some notation.
Notation 23. We denote by 2 <ω the set of all finite sequences of elements of {0, 1}. For our purposes, it is convenient to exclude the empty sequence, so we suppose that each s ∈ 2 <ω has a strictly positive length, denoted by l(s). For s = (s 0 , . . . , s l(s)−1 ) ∈ 2 <ω and i ∈ {0, 1}, we write s ∧ i for the sequence
∈ 2 ω and l ≥ 1, we denote by α ↾ l the restriction (α 0 , . . . , α l−1 ) ∈ 2 <ω of α. For s ∈ 2 <ω , we denote by I s the set {α ∈ 2 ω : α↾ l(s) = s} ⊆ 2 ω . If s ∈ 2 <ω and α ∈ 2 ω we write s ⊆ α if s is an initial segment of α. We use analogous notation for the sets 3 <ω of all finite sequences of elements of {0, 1, 2} and Z <ω of all finite sequences of elements of Z. If (G, +) is a group and g ∈ G then by 0g we mean the identity element of G.
and by z ′′ g we mean
For A ⊆ G, we denote by A the smallest subgroup of G containing every element of A. For z,z ∈ Z, we write par(z,z) as a shortcut for the statement 'z andz have the same parity'.
Example 24 is a particular case of Theorem 25. We still include it here as the main idea of the proof seems to be much more transparent in this simple setting.
Example 24. The group Z ω is the union of a Haar null set and a Haar meager set.
Proof. Let (s n ) n∈ω be an enumeration of the set Z <ω . We define
We will show that (a) A is Haar null while (b) Z ω \ A is Haar meager. (a) Let K = 2 ω ⊆ Z ω and let µ be the natural 'half-half' measure on Z ω supported by K. For an arbitrary z ∈ Z ω we want to show that µ(A + z) = 0. To this end, it clearly suffices to show that for every k ≥ 1 we have µ(A k + z) ≤ 1 2 k−1 . So fix k ≥ 1. For every n ∈ ω and every l(s n ) ≤ i < l(s n ) + n + k, the parity of x(i) does not depend on the choice of x ∈ A n k + z. So we clearly have
and so
as we wanted.
(b) Since Haar meager sets form a σ-ideal, it suffices to show that Z ω \ A k is Haar meager for every k ∈ ω. Let again K = 2 ω ⊆ Z ω and fix k ∈ ω and z ∈ Z ω arbitrarily. We want to show that ((
is a closed subset of K, and so it suffices to show that its complement (A k + z) ∩ K is dense in K. So let us fix t ∈ 2 <ω ; we want to find x ∈ (A k + z) ∩ K such that t ⊆ x. Let n ∈ ω be such that s n = t − z↾ l(t) . Then we have
Let us define x ∈ Z ω by Proof. Let {G n : n ∈ ω} be a local basis of the identity element of G consisting of open subgroups such that G = G 0 G 1 G 2 . . .. For each n ∈ ω we fix some x n ∈ G n \ G n+1 . By passing to a subsequence, we may assume that either
Suppose first that (1) holds. For each s = (s 0 , . . . , s l(s)−1 ) ∈ 2 <ω , we denote
and then we define
For each s ∈ 2 <ω , the set K s is closed (this follows by the well-known fact that every open subgroup of a Polish group is closed). For every s ∈ 2 <ω and i ∈ {0, 1}, we also have
Finally for any invariant compatible complete metric on G (recall that such a metric exists since G is an abelian Polish group) and for every α ∈ 2 ω , the diameter of K α ↾ l tends to zero as l → ∞. By these considerations it immediately follows that for each α ∈ 2 ω , the set l≥1 K α ↾ l contains precisely one element. So there is a unique mapping ϕ :
Then ϕ is clearly a homeomorphism of the Cantor set 2 ω onto K. In particular, K is a compact set.
For each n ≥ 1, fix a selector T n of the subgroup G n ∪ {x n−1 } (i.e. fix T n ⊆ G such that it contains precisely one element from each coset of G n ∪ {x n−1 } ) and define S n = G n + T n . Note that G is covered by (pairwise disjoint) cosets of G n ∪ {x n−1 } . Note also that (1) easily implies that each coset of G n ∪ {x n−1 } is a disjoint union of precisely two cosets of G n . So the cosets of G n are organized into pairs (G n + g, G n + x n−1 + g), g ∈ G, and the union of the cosets from each such pair is a coset of G n ∪ {x n−1 } . Obviously, precisely one coset of G n from each of the pairs intersects T n . Since S n is the union of all cosets of G n intersected by T n , it follows that S n contains one coset of G n from each of the pairs while being disjoint from the other. This is clearly true also for any set of the form S n + g where g ∈ G.
Claim 26. Let g ∈ G, n ≥ 1, s = (s 0 , . . . , s n−1 ) ∈ 2 n and m ≥ 1. Then there is t ∈ 2 n+m such that
Proof. We proceed by induction on m. Suppose first that m = 1. The set S n+1 + g − n−1 i=0 s i x i contains one of the sets G n+1 , G n+1 + x n and is disjoint from the other. In other words, the set S n+1 + g contains one of the sets K s ∧ 0 , K s ∧ 1 and is disjoint from the other. So
Now suppose that m > 1 and
t i x i contains one of the sets G n+m , G n+m + x n+m−1 and is disjoint from the other. In other words, the set S n+m + g contains one of the sets K t ∧ 0 , K t ∧ 1 and is disjoint from the other. So the set
Let {B n : n ∈ ω} be an enumeration of the open basis {G m + g : m ≥ 1, g ∈ G} of G (this basis is countable as it consists of cosets of countably many open subgroups). For each n ∈ ω, let ψ(n) ≥ 1 be such that B n is a coset of G ψ(n) . Note that for each n ∈ ω, the preimage ϕ −1 (B n ) is either empty or of the form I s for some s ∈ 2 ψ(n) . We define
We will show that (a) A is Haar null while (b) G \ A is Haar meager.
(a) Let µ be the image of the product measure on 2 ω under the homeomorphism ϕ : 2 ω → K. We consider µ as a measure on G (supported by K). Let us fix g ∈ G arbitrarily, we want to show that µ(A + g) = 0. To this end, it clearly suffices to show that for every k ≥ 1, we have µ(A k + g) <
is of the form I s for some s ∈ 2 ψ(kn) , and so
By Claim 26, this set is of the form I t for some t ∈ 2 ψ(kn)+n+k . It immediately follows that
(b) Since Haar meager sets form a σ-ideal, it suffices to show that G \ A k is Haar meager for every k ∈ ω. Fix k ∈ ω and g ∈ G arbitrarily. We want to show that
is a closed subset of K, and so it suffices to show that its complement (A k + g) ∩ K is dense in K. So let us fix s ∈ 2 <ω arbitrarily, we want to show that (
By Claim 26 it follows that there exists t ∈ 2 ψ(n)+n+k such that 
Similarly as above, there is a (unique) homeomorphism ϕ : 3 ω → K of the Cantor set 3
ω onto K such that ϕ(α) ∈ l≥1 K α ↾ l for each α ∈ 3 ω . For each n ≥ 1 we do the following. Fix a selector T n of the subgroup G n ∪ {x n−1 } . Let z ′ n be the smallest positive integer such that G n + z (2) we have z ′ n ≥ 3.) Next we define z
It easily follows that each coset of G n ∪ {x n−1 } is a disjoint union of at least three (maybe infinitely many) pairwise disjoint cosets of G n . If the considered coset of G n ∪ {x n−1 } is of the form G n ∪ {x n−1 } + g where g ∈ T n , then the corresponding cosets of G n are
(so that S n contains precisely those cosets of G n which are on the 'even positions').
Claim 27. Let n ≥ 1 and g ∈ G. Then either one or two of the sets G n , G n + x n−1 and G n + x n−1 + x n−1 are subsets of S n + g, while the rest of these sets are disjoint from S n + g.
Proof.
It is clear that each of the sets G n , G n +x n−1 and G n +x n−1 +x n−1 is either a subset of S n +g or is disjoint from S n +g. So it suffices to show that at least one of them is a subset of S n + g, and at least one of them is disjoint from S n + g. Let h be the unique element of T n ∩( G n ∪ {x n−1 } − g). Then G n − g ⊆ G n ∪ {x n−1 } + h, and so there is z
If z + 1 < z ′ n then one of the sets G n and G n + x n−1 is a subset of S n + g while the other is disjoint from S n + g. Otherwise z + 1 = z ′ n . Then G n + x n−1 = G n + h + g and G n + x n−1 + x n−1 = G n + h + x n−1 + g, and so one of these two sets is a subset of S n + g while the other is disjoint from S n + g.
Claim 28. Let g ∈ G, n ≥ 1, s = (s 0 , . . . , s n−1 ) ∈ 3 n and m ≥ 1. Then
where ∅ = T ⊆ 2 n+m has at most 2 m elements.
Proof. We proceed by induction on m. Suppose first that m = 1. By Claim 27, the set S n+1 + g − n−1 i=0 s i x i contains either one or two of the sets G n+1 , G n+1 + x n and G n+1 + x n + x n , and is disjoint from the rest of these sets. In other words, the set S n+1 + g contains either one or two of the sets K s ∧ 0 , K s ∧ 1 and K s ∧ 2 , and is disjoint from the rest of these sets. So ϕ −1 (K s ∩ (S n+1 + g)) is equal either to one of the sets I s ∧ 0 , I s ∧ 1 and I s ∧ 2 , or to the union of two of them. Now suppose that m > 1 and
where ∅ = T ⊆ 2 n+m−1 has at most 2 m−1 elements. By Claim 27, we have for every t ∈ T that the set S n+m + g − n+m−2 i=0
t i x i contains either one or two of the sets G n+m , G n+m + x n+m−1 and G n+m + x n+m−1 + x n+m−1 , and is disjoint from rest of these sets. In other words, the set S n+m + g contains either one or two of the sets K t ∧ 0 , K t ∧ 1 and K t ∧ 2 , and is disjoint from the rest of these sets. So the set
is equal either to one of the sets I t ∧ 0 , I t ∧ 1 and I t ∧ 2 , or to the union of two of them. Since this holds for every t ∈ T , the conclusion easily follows.
Let {B n : n ∈ ω} be an enumeration of the open basis {G m + g : m ≥ 1, g ∈ G} of G. For each n ∈ ω, let ψ(n) ≥ 1 be such that B n is a coset of G ψ(n) . Then for each n ∈ ω, the preimage ϕ −1 (B n ) is either empty or of the form I s for some s ∈ 3 ψ(n) . As in the previous part of the proof, we again define
and we will show that (a) A is Haar null while (b) G \ A is Haar meager.
(a) Let µ be the image of the product measure on 3 ω under the homeomorphism ϕ : 3 ω → K, considered as a measure on G (supported by K). Let us fix g ∈ G arbitrarily; we want to show that µ(A + g) = 0. It suffices to show that for every
k . So let us fix k ≥ 1. For each n ∈ ω let k n ∈ ω be such that B n + g = B kn . If n ∈ ω is such that ϕ −1 (B kn ) = ∅, then also ϕ −1 (A n k + g) ⊆ ϕ −1 (B kn ) = ∅, and so µ(A n k + g) = 0. Otherwise ϕ −1 (B kn ) is of the form I s for some s ∈ 3 ψ(kn) , and so
By Claim 28, this set is of the form t∈T I t where ∅ = T ⊆ 2 ψ(kn)+n+k has at most 2 n+k elements. It follows that
which is the desired conclusion.
(b) Since Haar meager sets form a σ-ideal, it suffices to show that G \ A k is Haar meager for every k ∈ ω. Fix any k ∈ ω and g ∈ G. We want to show that
is a closed subset of K, and so it suffices to show that its complement (A k + g) ∩ K is dense in K. So let us fix an arbitrary s ∈ 3 <ω ; we want to show that (
and by Claim 28, it follows that there is t ∈ 3 l(s)+n+k such that
This completes the proof.
Remark 29. The reason why we used the Cantor set 3 ω instead of 2 ω in the second part of the proof of Theorem 25 is that the 'binary analogy' of Claim 27 does not hold (and thus Claim 28 is a little more complicated that Claim 26). Indeed, it could happen e.g. that g 0 + g 0 + g 0 ∈ G 1 and G 0 = G 1 ∪ {x 0 } , so that G = G 0 is the union of three (pairwise disjoint) cosets of G 1 . (The obstacle is hidden in the degree three, and any finite odd degree would cause similar problems.) The cosets G 1 and G 1 + x 0 + x 0 intersect S 1 (while G 1 + x 0 is disjoint from S 1 ). Then S 1 + x 0 is disjoint neither from G 1 nor from G 1 + x 0 . Of course, this phenomenon could occur also at higher levels of the construction.
Of course, a straightforward application of the proof of Theorem 25 to the group Z ω would lead to the branch of the proof where (2) holds, and so we would have to use the Cantor set 3 ω . However, as it is shown in Example 24, in this particular case the 'binary' Cantor set works as well, and seems to be more natural.
Group of permutations
In this last section, we provide a natural example of a set which is meager but not Haar meager, and of a set which is Haar null but not Haar meager. This is motivated by Problem 4 and Problem 5 from [4] .
By [6] , a typical permutation with respect to the ideal of Haar null sets contains infinitely many infinite cycles and finitely many finite cycles. The authors moreover proved that their result is the best possible in a certain sense.
Example 30. Let S ∞ denote the group of permutations of natural numbers equipped with the group operation given by pq = p • q for p, q ∈ S ∞ .
It follows by [6] that the set F of all permutations with only finite cycles is Haar null. On the other hand the set F is easily seen to be comeager (as also noted in [6] ) and hence it is not Haar meager. Also the set P = S ∞ \ F is meager but as we will prove it is not Haar meager. The reason is that it contains a translation of an arbitrary compact subset of S ∞ .
Note that P is the set of all permutations in S ∞ with an infinite cycle. We claim that P contains a shift of any compact set in S ∞ . Let K be a nonempty compact set in S ∞ . The n-th projection π n (p) = p(n) to the n-th coordinate is continuous and thus π n (K) is finite. Also the mapping ρ n (p) = p −1 (n) is continuous and thus ρ n (K) is finite. We denote a n = min π n (K) and b n = max π n (K). It follows that a n as well as b n converge to infinity. Let A n = min{a n , a n+1 , . . . }, B n = max{b 1 , . . . , b n }. Again A n and B n converge to infinity. (Roughly speaking the compact set K consists of those permutations whose graphs lie between the nondecreasing sequences A n and B n .)
We are going to construct a permutation p ∈ S ∞ such that pK ⊆ P . By induction we are going to define sequences of positive integers x n , x ′ n , y n , y We define partially the permutation p in such a way that it maps X n to Y n bijectively for every n ≥ 1. By the properties of the sequences x n , x ′ n , y n , y ′ n , we have infinitely many gaps in the domain (e.g. the points x ′ n + 1) and also in the range of p (e.g. the points y ′ n + 1) so we can enlarge the partial bijection p to a bijection of the whole set N.
Observe that by the construction for every q ∈ K we get that q(k) ∈ X n+1 for k ∈ Y n . Hence we have q(1) ∈ X 1 , pq(1) ∈ Y 1 , qpq(1) ∈ X 2 , pqpq(1) ∈ Y 2 , . . . . Since the sets Y n are pairwise disjoint it follows that the permutation pq has an infinite cycle. Hence pK ⊆ P .
